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Adversarial Bandits

Fort=1,...,T:
1. Learner choses (randomized) arm a; € {1,..., K}

2. Loss value ¢;(a;) is revealed

Rr(a) =E [ f(a)] = t:(a)
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Adversarial Bandits

Fort=1,...,T:
1. Learner choses (randomized) arm a; € {1,..., K}

2. Loss value ¢;(a;) is revealed

Rr(a) =E [ f(a)] = t:(a)

> Oblivious adversary: losses ¢;(a) fixed a priori for all t, a

» Expectation w.r.t. learner's randomness
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Adversarial Contextual Bandits
Fort=1,...,T:
1. Context X; € RP is revealed
2. Learner choses (randomized) arm a; € {1,..., K}

3. Loss value ¢¢(a;) is revealed

T T
Rr(m) =E[> le(a) = > le(r)]
t=1 t=1

t(m) = E 6] for n(X) € By
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Adversarial Contextual Bandits
Fort=1,...,T:
1. Context X; € RP is revealed
2. Learner choses (randomized) arm a; € {1,..., K}

3. Loss value ¢¢(a;) is revealed

T T
Rr(m) =E[> le(a) = > le(r)]
t=1 t=1

t(m) = E 6] for n(X) € By

Adversarial losses, stochastic contexts [Neu and Olkhovskaya, 2020]:
> Linear losses: ¢;(a) = (X, 0:,,) € [0,1], where 0, , fixed a priori
» lLi.d. contexts: X; ~D

4/22



Adversarial Contextual Bandits
Fort=1,...,T:
1. Context X; € RP is revealed
2. Learner choses (randomized) arm a; € {1,..., K}

3. Loss value ¢;(a;) is revealed

T T
Rr(m) =E[> le(a) = > le(r)]
t=1 t=1

t(m) = E 6] for n(X) € By

Adversarial losses, stochastic contexts [Neu and Olkhovskaya, 2020]:
> Linear losses: ¢;(a) = (X, 0:,,) € [0,1], where 0, , fixed a priori
» lLi.d. contexts: X; ~D

» (Opposite setting with fixed loss function and adversarial contexts
also considered in literature.)
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Adversarial Contextual Bandits More Abstractly |

Incorporate contexts X; € RP into actions a such that
et(a) = <Xt70t,a> = <a7 0t>:

0
Oe1 :
0

0= |0, | € RP*K a= | X, | e RP¥K
. 0
O K :
0

Then every round we receive a random action set (with K actions):

X

At—{ , X . }CRPXK

Xi
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Adversarial Contextual Bandits More Abstractly Il
Fort=1,...,T:
1. Draw action set A, C RY i.i.d. from D
2. Learner choses (randomized) action a; € A,
3. Loss value ¢;(a;) = (at, 0;) € [0,1] is revealed

Rr(r) = Zﬂt(at) - Ze

l(m) = <7T(At), 0¢) for (At) € conv(A;)
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Adversarial Contextual Bandits More Abstractly Il
Fort=1,...,T:
1. Draw action set A, C RY i.i.d. from D
2. Learner choses (randomized) action a; € A,
3. Loss value ¢;(a;) = (at, 0;) € [0,1] is revealed

Rr(r) = Zet(at) - Ze

ly(m) = (7 (At),0t> for (At) € conv(A;)

Optimal policy is linear:
T

mTrinE [Z(W(At),9t>] = mlnE ZGt

t=1

1 (A) = 14 (A) := argmin,c 4(a for ¢ = Zﬂt
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Adversarial Contextual Bandits More Abstractly Il
Fort=1,...,T:
1. Draw action set A, C RY i.i.d. from D
2. Learner choses (randomized) action a; € A,
3. Loss value ¢;(a;) = (at, 0;) € [0,1] is revealed

Rr(r) = Zet(at) - Ze

ly(m) = (7 (At),0t> for (At) € conv(A;)

Optimal policy is linear:
T

mTrinE [Z(W(At),9t>] = mlnE ZGt

t=1
1 (A) = 14 (A) := argmin,c 4(a for ¢ = Zﬂt

Linear optimization oracle:
> Returns 7,(A) = argmin,c 4(a, ¢) for any ¢ € R? and A
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Main Results I: General Setting

» d: dimension of the actions, A; C R
> K: maximum number of actions, |A4;| < K

» Simulator: free access to independent samples A ~ D

Algorithm Regret’ Runtime Simulator
Dai et al. [2023] min{dV/T,/dT log K} poly(d, K, T) yes
Liu et al. [2023] dv'T K. T no
Liu et al. [2023] Ve poly(d, K, T) no

oly(d, T) plus

Ours min{d*V/T,/d3T log K} poly( Jp no
oly(d, T) plus

Ours dv'T poly( )P yes

1Up to poly-logarithmic factors in d and T
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Main Results I: General Setting

» d: dimension of the actions, A; C RY
» K: maximum number of actions, |A4;| < K

» Simulator: free access to independent samples A ~ D

Algorithm Regret!

Runtime Simulator
Dai et al. [2023] min{dv/T,/dT log K} poly(d, K, T) yes
Liu et al. [2023] dv'T K. T no
Liu et al. [2023] d*V'T poly(d, K, T) no
oly(d, T) plus
Ours min{d®>v'T,/d3T log K} poly(d, T) p no
oly(d, T) plus
Ours dv'T poly( )P yes
For semi-bandit feedback:
Neu and Valko 2/3 poly(d, T) plus
[2014] (dT) no

1Up to poly-logarithmic factors in d and T
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Main Results I: General Setting

» d: dimension of the actions, A; C R
> K: maximum number of actions, |A4;| < K

» Simulator: free access to independent samples A ~ D

Algorithm Regret’ Runtime Simulator
Dai et al. [2023] min{dV/'T,/dT log K} poly(d, K, T) yes
Liu et al. [2023] dv'T K. T no
Liu et al. [2023] d*VT poly(d, K, T) no

oly(d, T) plus

Ours min{d*V/ T, \/d3T log K} poly( )p no
oly(d, T) plus

Ours dv'T poly( )p yes

> For combinatorial problems, Oracle can be cheap O(d) while
K = 2929 is exponentially large
»> Example: shortest path with d edges

1Up to poly-logarithmic factors in d and T
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Main Results I: General Setting

> d: dimension of the actions, A; C RY
» K: maximum number of actions, |A;| < K

» Simulator: free access to independent samples A ~ D

Algorithm Regret Runtime Simulator
Dai et al. [2023] min{dV/T,+/dT log K} poly(d, K, T) yes
Liu et al. [2023] dvT K. T no
Liu et al. [2023] d*VT poly(d, K, T) no
oly(d, T) plus
Ours min{d*V/T, /d3T log K} poly( )P no
oly(d, T) plus
Ours dv poly( )p yes
T
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Main Results Il: First-order Bounds, Initial Setting

» p: dimension of contexts, X; € RP
> K: number of actions, |A;| = K

> Simulator: free access to independent context samples X ~ D

T
L*=minE (m(As), 0:)
i [; ]
Algorithm Regret! Runtime Simulator Note
Neu and Olkhovskaya [2020] VKpT poly(p, K, T) yes
Olkhovskaya et al. [2023] Kv/pL* G(T(K%p)Kp) no
Olkhovskaya et al. [2023] K+/pL* poly(p, K, T) yes *
Ours Kpv/L* poly(p, K, T) yes

Strong assumption *: contexts X; have log-concave distribution

1Up to poly-logarithmic factors
9/22
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Reduction: The Basic ldea

Expected loss for policy 7 in round t is:
_,IE [<7T(At)7 9t>:| = <E[W(At)]7 0t> = <\|}(7T), 0t>a
where for m:

W(r) = Eln(A)] € RY.

11/22



Reduction: The Basic ldea

Expected loss for policy 7 in round t is:
E [(r(A), 0] = { EE(A] 00) = (W), 00),
where for m:
V(r) = E[W(A)] e RY.
Possibilities for expected loss:

(y,0:)  forye
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Reduction: The Basic ldea

Expected loss for policy 7 in round t is:
E [(n(An),60)] = { E[r(A)] 0c) = (W(r). 6e).
where for m:
V(r) = E[W(A)] e RY.
Possibilities for expected loss:

(y,0:)  forye

Reduction:
1. Let linear bandit algorithm choose y; € Q in round t
2. Play m; such that V(7)) = y;

3. Provide unbiased loss estimate (7¢(.A;), 6;) as feedback to linear
bandit algorithm
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Reduction: The Basic ldea

Expected loss for policy 7 in round t is:
E [(n(An),60)] = { E[r(A)] 0c) = (W(r). 6e).
where for m:
V(r) = E[W(A)] e RY.
Possibilities for expected loss:

(y,0:)  forye

Reduction:
1. Let linear bandit algorithm choose y; € Q in round t
2. Play m; such that V(7)) = y;
3. Provide unbiased loss estimate (7¢(.A;), 6;) as feedback to linear
bandit algorithm

NB Hanna et al. [2023] introduced this reduction for different setting of
stochastic linear contextual bandits, but their techniques do not carry

over.
11/22



Approximating (2

Reduction:
1. Let linear bandit algorithm choose y; € Q in round t
2. Play 7; such that V(7)) =

3. Provide unbiased loss estimate (7:(.A;), ;) as feedback to linear
bandit algorithm

Q= {V(r) | = enj, V(r) = E[x(A)]

Issue: W and Q depend on

12/22



Approximating (2

Reduction:
1. Let linear bandit algorithm choose y; € Q in round t
2. Play 7; such that V(7)) =

3. Provide unbiased loss estimate (7:(.A;), ;) as feedback to linear
bandit algorithm

Q= {V(r) | = enj, V(r) = E[r(A)]

Issue: W and Q depend on

Using simulator: Given separate sample Ay, ..., Ay from D:

N

N
Q= {W(x) |7 eny, V() = %Zw(ﬁ;)
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Approximating (2

Reduction:
1. Let linear bandit algorithm choose y; € () in round t
2. Play m; such that V(m;) ~ y;

3. Provide loss estimate (m¢(.A;), 0:) as feedback to linear
bandit algorithm

Q={V(m) |7 <N}, V(r) = Efr(A)]
Using simulator: Given separate sample Ay, ..., Ay from D:
T
Q= {(m) |7 e}, U(r) = N ;w(ﬂ,-)

» Need computationally efficient adversarial linear bandit algorithm
that is

12/22



Approximating €2
Reduction:
1. Let linear bandit algorithm choose y; € () in round t
2. Play m; such that V(m;) ~ y;
3. Provide loss estimate (m¢(.A;), 0;) as feedback to linear
bandit algorithm

Q={V(m) | =N}, V(r) = E[r(A)]
Using simulator: Given separate sample Ay, ..., Ay from D:
1N
Q= {U(n)|reny, V(r) = N > w(A)

i=1

Proposition

Linear optimization over Q) costs N oracle calls: for any ¢ € RY,
N

~ 1 . .
V(my) = N Zarg mmaeAi(a?@ € arg m|nv€ﬁ<v, o)
i=1

12/22



Side-Result: Efficient Robust Linear Bandit
Algorithm

Definition (a-misspecification-robust linear bandit algorithm)

Given random feedback c¢; € [0, 1] with bias at most some known ¢ > 0:

|Et[Ct] - <Yt79t>‘ <

the algorithm achieves regret at most

-
Z(y,9t>+0(d\/_+oz\/_eT)

» [Liu et al., 2024a]: optimal o = 1, but runtime scales with number
of actions K
> New alg: « = +/d, and runtime poly(d, T) + poly(d, T) oracle calls
> Version of continuous exponential weights similar to Ito et al. [2020]
with bonuses to handle misspecification like [Lee et al., 2020,
Zimmert and Lattimore, 2022, Liu et al., 2024b]
» Can implement efficiently given linear optimization oracle over Q

» Also achieves first-order bound 13/22



Controlling the Difference between W and W

Are we there yet?
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Controlling the Difference between V and 0

Suppose, for t =1,..., T and 7 € {7*, 7}
uniform convergence: |(W(n),0;) — (U(n),0:)| <71 (w.h.p.)

approximate play: [(U(m,),0:) — (y¢,0:)| < 72 (deterministic)
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Controlling the Difference between V and 0

Suppose, for t =1,..., T and 7 € {7*, 7}
uniform convergence: |(W(n),0;) — (U(n),0:)| <71 (w.h.p.)

approximate play: [(U(m,),0:) — (y¢,0:)| < 72 (deterministic)

This would resolve the following

1. Controlling feedback bias:
| E[{me(Ac), 00)] = (ve, 00| < [(W(7e), be) — (U(me), 00)]

+ |<\TJ(7Tt); Or) — (yt,0e)| <y + 72 =1 ¢
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Controlling the Difference between V and 0

Suppose, for t =1,..., T and 7 € {7*, 7}
uniform convergence: |(W(n),0;) — (U(n),0:)| <71 (w.h.p.)

approximate play: [(U(m,),0:) — (y¢,0:)| < 72 (deterministic)

This would resolve the following

1. Controlling feedback bias:
| E[{me(Ac), 00)] = (ve, 00| < [(W(7e), be) — (U(me), 00)]

+ |<®(7Tt); Or) — (yt,0e)| <y + 72 =1 ¢

2. Linear bandit gives regret bound w.r.t. y* € € instead of Q:
T T

B[S (000 —(y",00) | > B[ 3 ((0(m),00— (), 0)) | - T

t=1 t=1

>E[ 3 (W), 00 — (W(r), 00)] — 2T — T

t=1

14 /22



Uniform Convergence
To show: with high probability, |(W(r),8;) — (¥(x), ;)| < 71 for
me{n*,m}, t=1...,T.

N
W(r) = E[x(A) () = 5 > ()

Lemma (Uniform Convergence over Linear Policies)

Let my(A) := argmin,c 4(a, ¢) be a linear policy. Then, w.p. > 1 -,

0, . 2d|n(NK2) 2|n(4/5)
SI;P |<W(7‘l’¢),9t> - <\U(7‘r¢), 0t>| <7 i= 2\/T + \/ v )

15/22



Uniform Convergence
To show: with high probability, |(W(r),8;) — (¥(x), ;)| < 71 for
me{n*,m}, t=1...,T.

N
W(r) = E[r(A) W) = 5 S n(A)

Lemma (Uniform Convergence over Linear Policies)

Let my(A) := argmin,c 4(a, ¢) be a linear policy. Then, w.p. > 1 -,

0 . [2dIn(NK?) 21n(4/95)
Sli)p |<\U(7T¢),0t> - <w(7T¢>), 0t>| <7 i= 2\/T + \/

N

» Union bound over t =1,..., T is cheap: §/T instead of ¢
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Lemma (Uniform Convergence over Linear Policies)

Let my(A) := argmin,c 4(a, ¢) be a linear policy. Then, w.p. > 1 -,

0 . [2dIn(NK?) 21n(4/95)
Sl(‘;)p |<\U(7T¢),0t> - <w(7T¢>), 0t>| <7 i= 2\/T + \/

N

» Union bound over t =1,..., T is cheap: §/T instead of ¢

» We know 7* is always a linear policy, but algorithm's choices 7, may
not be!
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Uniform Convergence
To show: with high probability, |(W(x),8;) — (¥(x),8,)| < ~1 for
me{n*,m}, t=1...,T.

W(r) = E[x(A) W) = 5 Yo ()

Lemma (Uniform Convergence over Linear Policies)

Let my(A) := argmin,c 4(a, ¢) be a linear policy. Then, w.p. > 1 -,

0, . 2d|n(NK2) 2|n(4/5)
Sl(‘;)p |<W(7‘l’¢),9t> - <\U(7‘r¢), 0t>| <7 i= 2\/T + \/ v )

» Union bound over t =1,..., T is cheap: §/T instead of ¢

» We know 7* is always a linear policy, but algorithm's choices 7, may
not be!

» Can we solve this by extending to uniform convergence over all
policies 7? No, does not hold! So need to ensure 7; is a (mixture
of) linear policies.

15/22



Restricting 7; to be a Mixture of Linear Policies

Proposition (Repeated)
Linear optimization over ) costs N oracle calls: for any ¢ € RY,

N
a 1 . .
V(my) = N Zarg min,c 4.(a, ¢) € argmin, 5 (v, ®)

i=1

v2
» Linear policies only reach the

boundary of Q
> v, can be anywhere in Q v = V(my)

Vi
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Restricting 7; to be a Mixture of Linear Policies

Proposition (Repeated)

Linear optimization over Q costs N oracle calls: for any ¢ € RY,

7r¢) Zarg min, a, ) € arg minveﬁ<v, o)

v2
» Linear policies only reach the

boundary of Q

> y, can be anywhere in Vi =

vi
Solution: Let 7; play 7y, for j ~ Unif{1,..., M}, so that

M
() = Z W( (mg;)

16/22



Finding Directions ¢; with Frank-Wolfe

Frank-Wolfe to minimize any convex f over {2 (with z, = 0):

v; € argmin, g (v, VF(z_1))
z=(1—m)z-1 + 1y

Theorem (e.g. Bubeck, 2015)

Suppose f is 3-smooth w.r.t. || - || and let R =sup,, ,cq [lu — w|| be the
diameter of Q). Let n; = J%l Then
23R2

flaw) = () < 425
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Finding Directions ¢; with Frank-Wolfe

Frank-Wolfe to minimize any convex f over {2 (with z, = 0):

vj € argmin, g (v, VFf(z_1))

zi = (1 = mj)zji—1 + njvj

Let f(z) = 3|z — ye||? for y: € Q, so that =1 and f(z*) = 0, and let

=1 T = A5 ..
nj =3 Thenzy = ;> ;= v; and
2

1
§||ZM —}/trH2 = f(ZM) < M
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Finding Directions ¢; with Frank-Wolfe

Frank-Wolfe to minimize any convex f over {2 (with z, = 0):
¢; =Vif(zi-1)=2z_1—y
v; € argmin, g (v, )

zi=(1—=nj)zi-1 + v

Let f(z) = 3|z — ye||? for ye € Q, so that =1 and f(z*) = 0, and let
nj= 3. Then zy = 3 inlvj and

2

1 2
il — = < — .
2||ZM yell® = f(zm) < o
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Finding Directions ¢; with Frank-Wolfe

Frank-Wolfe to minimize any convex f over 2 (with zg = 0):

~

vi = W(my,) € argmin, g(v, o))
zj= (1 —=mn)zi-1+nv

Lemma

Let f(z) = 3|z — ye||? for ye € Q, so that =1 and f(z*) = 0, and let

n = Jl Then zy = Zle U(my,) and
2

R
_”ZM yt” - f(ZM) < 2M

Let 7, play 7y, for j ~ Unif{1,..., M}. Then \Il(wt) = 2y, SO

. R
v - < —.
o) ~ el < 7

» Each Frank-Wolfe iteration costs N oracle calls, so MN calls per
round t

17/22



Finding Directions ¢; with Frank-Wolfe
Let 7, play 7y, for j ~ Unif{1,..., M}. Then \,|\/(7Tt) =z, SO

N R
V(m) — < —.
” ( t) yt“— m

» Each Frank-Wolfe iteration costs N oracle calls, so MN calls per
round t

Approximate play with a mixture of linear policies:
RI[0:

(W), 00) = (e, 00)] < [[W(me) = yel| - 1162 < Y
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Finding Directions ¢; with Frank-Wolfe
Let 7, play 7y, for j ~ Unif{1,..., M}. Then \I|\/(7Tt) =z, SO

- R
V(m) — < —.

» Each Frank-Wolfe iteration costs N oracle calls, so MN calls per
round t

Approximate play with a mixture of linear policies:

N ~ R||0
(G (me), 00) — e, 0)] < 19(me) — yel - 10s]) < FL2el

> Without loss of generality, can assume ||a|| <1 for all a € A ass.,
and |0 < V/d [Wei et al., 2021]

A ~

» Then R = diam(Q2) < max; diam(.A4;) < 2, so, taking M = N,

~ d
[(W(7e), 0c) — (ye, 0¢)| <72 = 2\/ N <m

with N2 oracle calls per round t

17/22



Putting It All Together

Theorem
With O(TN?) simulator calls in total, we obtain

Ry(m) = b(d\/?+ d*2T M).

N

Proof.

> a-misspecification-robust linear bandit algorithm with
misspecification € gives linear bandit regret bounded by

6(dﬁ+ a\@eT)

with o = v/d for an efficient algorithm.

» In the reduction to linear bandits we obtained misspecification
€= +7 <2y for v = O(\/dlog(NKT)/N) (issue 1)

> We pay an additive 21 T + 72 T < 371 T overhead because the
linear bandit gives regret bound w.r.t. € instead of Q (issue 2)
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Putting It All Together

Theorem

With O(TN?) simulator calls in total, we obtain
~ log(NKT
Rr(m) = o(d\/?+ d*?T %)

With simulator access: Take N large enough to make the second term
negligible: B
Rr(m) = O(dVT)
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Putting It All Together

Theorem
With O(TN?) simulator calls in total, we obtain

Rr(r) = O(av/T + /2T %)

With simulator access: Take N large enough to make the second term
negligible: B
Rr(r) = O(dV'T)
Without simulator access:
» Run in epochs of lengths 2/ for i = 0,1,2,3,...

» In epoch i use N = ©(27) samples from all previous epochs to
construct 2

Rr(m) = O(dV'T + d*?\/T log K)

> Since N < T: poly(d, T) time plus poly(d, T) oracle calls in total

18/22



Conclusion

Highlights:
» First algorithm for this setting that handles combinatorial action sets
efficiently, using only a linear optimization oracle for each action set

> Efficient reduction from contextual to (misspecified) non-contextual
linear bandits

» Handle resulting misspecification in linear bandit algorithm

Open Questions:

» Improve regret to @(d\/ T) with polynomial-time algorithm without
a simulator?

» Obtain a first-order bound poly(d)v/L* without a simulator?
> Improve first-order bound to O(y/pKL*) in initial setting?

19/22
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