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Statistical Learning

19 p
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Statistical Learning

/]v* — argmin E[/(Y, f(X))]
e

d(f, f*) = E[(Y, f(X)) — €Y, £ (X))] = O(n™)

¥ Two factors that determine rate of convergence:

1. complexity of F 2. the margin condition




Definition of Stochastic Mixability

¥Let! >0.Then!,F,P*) isstochastically mixable if
there exists anf *! F such that

" o~ (Y, f(X)) -
VP () <1 forall f eF.

¥ Stochastically mixable: this holds for some n > 0




Immediate Conseguences

C o (Y (X))
<
TR | S 1 for all f € F

¥ f* minimizes risk over F: f* = argmin E[/(Y, f(X))]
feF

¥ The larger: , the stronger the property of being -
stochastically mixable




Density estimation example 1

¥ Log-loss: £(y,p) = ! logp(y) F = {py |0 c O}

¥ Suppose pg« € F IS the true density

¥ Thenforn =1 and anypg € F

i 6—775(5/7299) ]
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¥ Normal location family with bxed variance o¢*

F={N(po*)lpeR}  P* =N 7%
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¥ Normal location family with bxed variance o¢*

F={N(po*)lpeR}  P* =N 7%

¥ 1 -stochastically mixable for n = o2 /72

V272
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Margin condition

oV (f,f *)%1 d(f,f *) forallf" F

¥ where d(f, /') = E[(Y, f(X)) — (Y, £ (X))] :
V(f, f*) = E (LY, f(X)) — Y, £ (X))

k>1,¢cg>0

¥ For 0/1-loss implies rate of convergence O(n' '/ (2" 1)

_ [Tsybakov, 2004]
¥ So smaller: Is better




Stochastic mixability «—margin

oV (f,f *)%1 d(f,f *) forallf" F

¥ Thm [k =1]. Suppose! takes values ino,v] . Theq,F,P")
stochastically mixable if and only if there exists ¢, > 0 such
that the margin condition Is satisPed with « =1.




Margin condition with ! > 1

Fo={f )} FT F LA ) # 1)

Y¥Thm[all! ' 1} Suppose! takes values inO,V] . Then the
margin condition Is satisbed If and only if there exists a
constantC > 0 such that, foralll > 0 (!,F,,P") s -
stochastically mixable for ! = c"'* D/
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Sequential Prediction with Expert Advice

¥ Forroundst=1,...,n :
¥ K experts predict f?l ek f?<
v Predict (X, y;) by choosing®

¥ Observe (X, Vi)
A T

¥ Regret:E (v, FR(X¢)) ! mkin - !(yt,f(?((xt))

i t=1 & t=1

¥ Game-theoretic (minimax) analysis: want to guarantee small regret
against adversarial data




Sequential Prediction with Expert Advice

¥ Forroundst =1
¥ K experts predict f?l
¥ Predict (Xt,Yt) by choosing@Q
¥ Observe (Xt, Vi)

1!ﬂ 1|ﬂ

* Regret =~ 5 (v, R(x0)) ! min — . (e, T (%))

¥ Worst-case regret =O(1/n ) Iff the loss isnixable! [vovk, 1995]




Mixability

“*Aloss!: Y1 A" [0,#] Ismixable if for any
distribution 'on Athere exists an actiona; ! A such that

g HYA)

I
Ear TR for all Y.

¥ Vovk: fast O(1/n) rates if and only if loss is mixable




(Stochastic) Mixability
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g HYA)

I
Ear TR for all Y.

¥ (1,F,P") Iy stochastically mixable if

o MY (X))
Exy i p- T |
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(Stochastic) Mixability

“*Aloss!: Y1 A" [0,#] Ismixable if for any
distribution 'on Athere exists an actiona; ! A such that

g
Uy,a:)!" —In € "™V r(da) for all y.

N

¥ Thm: (!,F,P’) i3 stochastically mixable iff for any
distribution :on F there existsf’ ! F such that

1

E[I(Y,f ' (X))]! E[" P OO #(df )]
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Equivalence of Stochastic
Mixability and Ordinary Mixability

Frn = {all functions from X to A}

¥ Thm: Suppose! Is a proper loss andY Is discrete. Theh
is n-mixable if and only if (¢, Frun, P*) isy -stochastically
mixable for all P.”

¥ Proper losses are e.g. 0/1-loss, log-loss, squared loss

¥ Thm generalizes to other losses that satisfy two technical
conditions
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Log-loss example 3 (convex.F)

¥ Log-loss: 4(y,p)= ! logp(y) F={py|0c O}

¥ Suppose model misspecibed:pi: = argmin E[—logp (Y))
IS not the true density & €

¥ Thm [Li, 1999]: SupposeF Iissonvex. Then
Po(Y)
Pe: (V)

¥ Convexity Is common condition for convergence of
minimum description length and Bayesian methods

P'(dy)! 1  forallpy" F




Log-loss and convexity for | =1




Log-loss and convexity for |

¥ Thm: (!, F,P’) i3 stochastically mixable iff for any
distribution :on F there existsf* | F such that

E[I(Y,f' (X))]! E[" %ln e " (OO gdf )]




Log-loss and convexity for |

¥ Thm: (!, F,P’) i3 stochastically mixable iff for any
distribution :on F there existsf* | F such that

E[I(Y,f' (X))]! E[" %ln e " (OO gdf )]

¥ Corollary : For log-loss, 1-stochastic mixability means

MNE[! Inp(Y)]= min E[! Inp(Y)],
p! F p! co(F)

where CO(F ) denotes the convex hull ofF .




Not stochastically mixable Stochastically mixable

¥ Corollary : For log-loss, 1-stochastic mixability means

[)T!lip E[' Inp(Y)] = p!rrliorzF) E[' Inp(Y)],

where CcO(F ) denotes the convex hull ofF .




Convexity Interpretation with
pseudo-likelinoods

¥ Pseudo-likelihoods: p;, (Y[|X) = & " (/X))
Pe(t)= (o (YX)|T 1 F}

¥ Corollary: (I,F,P") 19 stochastically mixable iff

in E[l Llnp(Y|X)] = i Ell Llnp(Y|X
o P (1) St ot co(P 2(1)) e 800
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Adapting to the margin/

¥ Penalized empirical risk minimization:

| 1 | H

0= argmin (i, f(Xi)) + " pen(f)
flF .

¥ Optimal A <« 1/ depends on: /the margin
¥ Single model: take pen(f ) = const. no need to know

¥ Model selection: F = F,, pen(f) = pen(m) E const.
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Convexity testing

¥ Corollary: (I,F,P") is) stochastically mixable iff

' | 1 - i 1
p!Iélgl:I%!)E[' eavni s ot co(P £(1)) S ton )




Convexity testing

¥ Corollary: (I,F,P") is) stochastically mixable iff

' | 1 - i 1
plrgﬁ!)E[' Pea it ot co(P £(1)) S ton )

¥ [GrYnwald, 2011]: pick the largest : such that

| N

I Linp(Yi|X;) " L Jmin L1 Linp(Y;|X;)! something
| P i=1

where OsomethingO depends on concentration inequalities and
penalty function.
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